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Introduction
Cohesive granular geo-materials (e.g. chalk, sandstone, clay) have applications in various engineering problems, such as underground waste/gas storage or unconventional gas production. Several propositions of constitutive modeling of their mechanical behavior have been formulated, and can be separated in two classes: phenomenological models based on experimental observations at the macroscopic scale and micromechanical models based on identified physical mechanisms at the microscopic scale.
Classical soil mechanics is based on the empirical approach. Experimental characterization of clays using shear or triaxial tests lead to the foundation of the critical state soil mechanics (Schofield and Wroth, 1968; Atkinson, 1993) . According to these observations, upon loading of a granular soil, the voids ratio together with the stress state evolve until a critical state of voids ratio and stress is encountered. More precisely, the soil may be either contractant or dilatant depending on the position of the imposed load path with respect to the line of critical state (samples on the "wet side" or "dry side" of critical). These observations namely lead to the proposition of the celebrated Cam clay (Schofield and Wroth, 1968) and modified Cam clay (Roscoe and Burland, 1968) poro-plastic models. Subsequent modifications to these models have been proposed such as the "revised modified Cam clay" to account for strain hardening (Ami Saada et al., 1996) , the "cemented Cam clay" to model the degradation of clay cementation (Nguyen et al., 2014) or a generalized Cam clay to include third-invariant effects (Perić and Ayari, 2002a,b) ; just to mention a few.
Once the critical state is reached, the stress state and the voids ratio no longer evolve but a free plastic flow of the material occurs. For materials whose solid phase keeps a constant volume, the plastic flow is then in pure shear strain. However, some materials such as the Tournemire shale (Masri et al., 2014) and the Callovo-Oxfordian argillite (Chiarelli et al., 2003) may exhibit dilatancy at the critical state, so that loose samples ("wet side" of critical) subjected to a triaxial test are contractant at first but then dilatant. This behavior may not be modeled by the modified Cam clay model in which the free plastic flow always occurs with no volumetric strain.
On the other hand, several authors have investigated the strength and plasticity of porous media using various multi-scale methods. Numerical studies of granular materials using Finite Element Method and Discrete Element Method have been carried out by Steinhauser and Grass (2005) ; Scholtès et al. (2010) ; Sibille et al. (2015) . Alternatively, analytical homogenization methods based on the Hertz-Mindlin's model have been developed by Nicot et al. (2005) ; Scholtès et al. (2010) ; Zhu et al. (2010) . Finally, an important contribution to the understanding of the behavior of porous and/or granular materials stems from continuum micromechanics. For example, Collard et al. (2010) have investigated the polycrystalline plasticity accounting for intra-granular slip bands by means of plastic heterogeneities. In a pioneering work, Gurson (1977) proposed a micromechanical strength model with an explicit dependence on the porosity of the material. Based on the same representation of the microstructure, the elasto-plastic response at large strain has then been studied (Barthélémy et al., 2003; Barthélémy, 2005) . These studies proved that taking into account the porosity reduction during an hydrostatic compression leads to a hardening of this porous material.
Using Eshelby-based schemes and suitable non linear homogenization techniques (Suquet, 1995 (Suquet, , 1997 , a series of works (Barthélémy and Dormieux, 2004; Dormieux et al., 2007; Maghous et al., 2009; Maalej et al., 2009; Dormieux et al., 2010; Shen et al., 2012; He et al., 2013) has been devoted to the derivation of the strength of materials with various types of microstructures. The derived results have the advantage of explicitly depending on the microstructural parameters.
Some of these micromechanical strength models have also been reinterpreted as plasticity models. Shao (2006, 2012) modelled chalk plasticity based on a mixed criterion combining the criterion of Gurson (1977) for mostly hydrostatic loads and a modified Drucker-Prager criterion for mostly deviatoric loads. More recently, Xie and Shao (2015) proposed for chalk to use the approximate strength criterion of Guo et al. (2008) . Similarly, Shen et al. (2012) proposed a plasticity model for Callovo-Oxfordian argillite based on a threescale micromechanical strength model. However, none of these models are purely based on micro-mechanics since they also involve the introduction of a phenomenological hardening law, taking the solid phase plastic deformation as a hardening variable. Moreover, phenomenological non associated plastic flow rules were needed in Shen et al. (2012) ; Shao (2006, 2012) to account for a transition from a contractant to a dilatant behavior during triaxial tests.
We propose a micromechanical model for the plasticity of granular material with the following main features. The model proposes a hardening or softening of the yield surface only due to porosity changes and not to stored elastic energy, without phenomenological hardening law. This purely micro-mechanical model retrieves the main features of critical state soil mechanics. Additionally, it allows to describe a transition from contractancy to dilatancy along a triaxial loading path as observed on Callovo-Oxfordian argillite or Tournemire shale, with an associated plastic flow rule stemming from the homogenization procedure. The scope of this paper is to propose a simple micro-mechanical interpretation to some classical critical state soil mechanics concepts as in the Cam clay model rather than a fully predictive model, which would require more sophisticated assumptions. The proposed plastic model is based on the micro-mechanical strength model derived by He et al. (2013) , recalled in section 2. The micro-mechanical strength model is then carefully reinterpreted as a plasticity model in section 3. Finally, the micro-mechanical plasticity model is compared to classical soil mechanics observations together with the modified Cam clay model in section 4.
The micro-mechanical strength model
The main features of the micro-mechanical strength model for granular material proposed in He et al. (2013) are recalled in this section. 
Morphological model
At the microscopic scale, the granular material is described as a polycrystal of grains and pores (see Fig. 1 ). Its strength is controlled by the grain-to-grain interface properties, whereas the grains are assumed infinitely rigid.
A representative volume element (RVE) Ω of the microstructure of the granular material is considered. It comprises pores in the domain Ω p and rigid grains in the domain Ω g (see Fig. 1 ). The eulerian porosity of the granular material is defined as φ = |Ω p |/|Ω| where |Ω| is the volume of the domain Ω. The grains are in contact one with another through interfaces. The union of all the surfaces of the grain-to-grain interfaces of the RVE is denoted Γ. The specific surface of the grain-to-grain interfaces, which scales as the inverse of a length, is thus given by |Γ|/|Ω| where |Γ| is the area of the surface Γ.
In the subsequent steps, the polycrystalline-like arrangement of the microstructure is accounted for in He et al. (2013) by resorting to the self-consistent scheme in the non-linear homogenization process, together with the solution to a generalized Eshelby solution (Hashin, 1991) . In the generalized Eshelby problems, the pores and the rigid grains are assumed to be spherical. The radius of the rigid grains is denoted r 0 . The specific surface of the grain-to-grain interfaces is then characterized by:
where the dimensionless parameter λ is the product of the volume fraction of grains in the RVE by the fraction of the area of a grain which is in contact with other grains. Following Maalej et al. (2007) , the parameter λ may be estimated for the morphology at hand by :
Strength properties of the microscopic constituents
The grains are supposed infinitely rigid. The strength of the interfaces is described by an interface strength criterion f Γ to be met by the stress vector T acting on the interface. The interface strength criterion is supposed to be a cohesive frictional (or Mohr-Coulomb) criterion:
where α denotes the coefficient of internal friction, αh is the cohesion and n is the unit vector normal to the interface. The quantity h scales as a pressure and corresponds to the tensile strength of the interface. He et al. (2013) recently derived the macroscopic strength of the granular medium in the dry case, i.e. when the pore pressure is null. Part of the strength homogenization procedure consists, for each loading direction, in the estimation of a failure mechanism, i.e. a velocity field defined in any point of the microstructure. In the framework of classical limit analysis, an associated flow rule is adopted in the interfaces:
where v denotes the velocity jump across the interface, v n = v · n its normal component and v t = v − v n n the tangential velocity jump. In what follows, we will refer to localization of the failure mechanism as the process of extracting information from the velocity field of the failure mechanism, such as the average of v n over all interfaces or the variation pore volume. The homogenized strength criterion of the dry granular material is controlled by the porosity. The boundary ∂G of the homogenized strength domain G derived in He et al. (2013) for the admissible macroscopic stress states σ is a conic in the (σ m , σ d ) plane (see Fig. 2 ) where
are the two first stress invariants referred to as the mean stress σ m and the deviatoric stress σ d .
The derived results are expressed as a function of the following expressions which arise from the homogenization work-flow :
The case 1/3 < φ < 1/2. :
The type of the conic which describes the boundary ∂G of the macroscopic strength domain is controlled by the dimensionless parameter δ defined as:
• case δ < 1 : The boundary ∂G of the macroscopic strength criterion is an ellipse in the (σ m , σ d ) plane, centered at (−c, 0), with semi-axes √ a and √ b (see Fig. 2 ) and can be described by the strength criterion f :
where the parameters a, b and c are the functions of φ given by:
• case δ > 1 :
The boundary ∂G of the macroscopic strength criterion is a hyperbola in the (σ m , σ d ) plane (see Fig. 2 ) which can be described by the strength criterion:
with a, b and c are given by (9). In this case, −c is the isotropic tensile strength. Asymptotically at high confining stress, the criterion (10) tends towards a Drucker-Prager criterion.
• case δ = 1: The boundary ∂G of the macroscopic strength criterion is a parabola in the (σ m , σ d ) plane (see Fig. 2 ) which can be described by the strength criterion:
For a given value of the internal friction coefficient α, the transition from an elliptic to an hyperbolic strength criterion occurs for a transitional porosity value φ trans such that δ = 1. If φ > φ trans then δ < 1 and the criterion is elliptic ; if φ < φ trans then δ > 1 and the criterion is hyperbolic. Using the relation (2), the transitional porosity is the solution to:
Porosities greater than 1/3 are encountered in several types of geomaterials. The Haubourdin chalk exhibits porosities ranging from 40 to 45% (Nadah et al., 2013) . The Callovo-Oxfordian argillite, made of a clay matrix and more than 50% of non porous calcite and quartz, has a macroscopic porosity in the range 14−22%. However, the mesoscopic porosity of its clay matrix is comprised between 35 and 40% (Song et al., 2015) . Using the strength homogenization procedure presented in Bignonnet et al. (2015) , the macroscopic strength of the argillite could therefore be described by an elliptic criterion, even though its apparent macroscopic porosity is less than 1/3.
The case 0 < φ < 1/3. : The macroscopic strength criterion is then simply given by:
This particular shape of the strength criterion results from the strong assumption at the microscopic scale that the grains are infinitely rigid and that the inter-granular failure is the predominant mechanism. Clearly, the multi-scale modelling of the strength of low porosity granular materials would require the proposal of intra-granular failure mechanisms, but is beyond the scope of the present paper. Further, the cut-off values φ = 1/3 and φ = 1/2 are to be considered as indicative only. They indeed come from the use of a spherical representation of the grains and pores in the self-consistent homogenization scheme, but would likely depend on the grain morphology for actual materials.
It is noteworthy that this macroscopic strength criterion derived by He et al. (2013) using homogenization techniques exhibits such a diversity of shapes (see Fig. 2 ) for a very restricted number of microscopic physical parameters: the porosity φ, the interface tensile strength h and the interface internal friction coefficient α.
A particularly interesting feature of the macroscopic strength criterion lies in the fact that, for porosity values slightly greater than φ trans (defined in (12)), the elliptic criterion (8) is very sensitive to porosity changes (see e.g. Fig. 3 ).
Saturated case
We now consider the case where the pore space is filled with a fluid with uniform pore pressure p. The homogenization process presented in He et al. (2013) in the dry case can be readily adapted to derive the strength of the saturated granular medium. Under the assumption that the interface criterion is not modified by pore pressure, the resulting strength criterion exhibits an effective stressσ defined as
Note that this effective stress is the same as the effective stress obtained by de Buhan and Dormieux (1996) in the case of a porous material with a uniform solid phase whose strength is governed by a Mohr-Coulomb or Drucker-Prager criterion. This implies that the criterion in the saturated case can be deduced from the dry case by: (12)) . The criterion is: elliptic (8) for φ trans < φ < 1/2, parabolic (11) for φ = φ trans , hyperbolic (10) for 1/3 < φ < φ trans or a limit (13) on the isotropic traction for 0 < φ < 1/3.
The micro-mechanical poro-plastic model

Thought model
The strength model presented in section 2 allows to predict, under the assumption of ductility of the micro-constituents, the macroscopic stress which leads to failure of the granular medium.
The purpose of this paper is to propose a reinterpretation of the strength model into an elasto-plastic model. To avoid possible confusions, let us precise some terminology. As a toy example, so as to illustrate the concepts, we will consider a simplified microstructure of a porous media: an elasto-plastic hollow sphere. Just as in the model of Gurson (1977) , this composite sphere comprises a spherical shell made up of an elasto-plastic material obeying a Von Mises plasticity criterion, and a spherical void in its center. The external surface of the hollow sphere is subjected to an external pressure. This load can be considered as a macroscopic stress for the simple microstructure.
At first, assume geometry changes due to loading are infinitesimal and may be neglected. The strength of the hollow sphere is characterized by the maximum macroscopic stress that can be applied before failure. The strength can be obtained by means of limit analysis methods. In elasto-plasticity, a distinction must be made between the elastic limit (or yield stress) and the ultimate stress. The elastic limit of the microstructure is the maximal macroscopic stress that can be applied while the evolution at any point of the microstructure remains elastic (i.e. before plasticity occurs). As the macroscopic stress is further increased, part of the microstructure undergoes plastic strains. This step corresponds to a constrained plastic flow. In the hollow sphere example, if p e is the pressure corresponding to the elastic limit, applying a pressure p > p e leads to the propagation of a plastified shell from the inner wall of the hollow sphere. If the pressure is further increased to the value p f for which the plastified shell reaches the external wall of the hollow sphere, the microstructure undergoes free plastic flow. The pressure p f corresponds the ultimate macroscopic stress.
A general theorem of limit analysis states that the failure limit of a structure for given local strength criteria is the same as the ultimate stress for the structure with equivalent plastic criteria and associated flow rule.
Note that in the hollow sphere example, if the pressure is first set to a value p ′ between the initial elastic limit and the ultimate stress, and then removed, the new elastic limit will be p ′ for subsequent loading. This corresponds to a hardening of the hollow sphere considered as a toy example of a porous media. More precisely, this type of hardening is a hardening due to stored elastic energy. The stored elastic energy, which cannot be retrieved, corresponds to the elastic strains in the plastified shell needed to meet geometric compatibility conditions in the unloaded state.
There may also be a second type of hardening. We now assume the geometry changes of the microstructure can not be neglected as the free plastic flow occurs. As a consequence, the porosity of the hollow sphere decreases with increasing external pressure. Therefore loads greater than the initial ultimate pressure p f may be applied (see Barthélémy et al. (2003) ). This corresponds to a hardening due to geometry changes. In the present paper, we precisely intend to take advantage of the following remark in Barthélémy et al. (2003) for the hollow sphere, and to transpose it to the case of the granular material: the pressure, which is applied to the sphere in the domain of free plastic flow, can be interpreted as the "limit load" in the sense of the theory of limit analysis but for the current value of the eulerian porosity φ, that is, for the current geometry. Hence, if geometry changes are taken into account through an update of φ, the compaction curve in the domain of free plastic flow can be determined from the theory of limit analysis. This, of course, requires to use the relationship between φ and a macroscopic strain parameter.
Unlike the case of the hollow sphere for which large porosity changes are required to obtain a hardening by geometry change, we expect the high sensitivity of the strength criterion proposed by He et al. (2013) to porosities φ around the transition value (12) to ensure a sizeable hardening for a very small change in porosity, as commonly observed for granular materials (Atkinson, 1993) . This is a direct consequence of the fact that the morphological model used in He et al. (2013) is more representative of a porous granular media than the hollow sphere.
Due to the great sensitivity to the eulerian porosity of the criterion proposed by He et al. (2013) for granular media, we will assume in the following developments that the hardening due to stored energy can be neglected relative to the hardening due to geometry changes.
From an energetical point of view, this amounts to stating that in an elasto-plastic evolution of the microstructure, the rate of change of the stored energy U can be neglected relative to the poro-plastic power P p in the intrinsic power dissipation D defined as (Coussy, 1991) :
where d p is the macroscopic plastic strain rates, σ the macroscopic stress, p the pore pressure and Φ p the plastic porosity which is a lagrangian quantity. If all of the pore volume change is irreversible between time t and t + d t, the rate of variation of the lagrangian plastic porosity defined on the reference configuration at time t is related to the change in pore volume |Ω p | of the RVE by:
From a thermo-dynamical point of view, the intrinsic power dissipation D in (16) must be positive (Coussy, 1991) . If the rate of change of the stored energyU is neglected, the poro-plastic power P p must be positive.
To sum up, the present paper aims at proposing a micro-mechanical model, based on rigorous homogenization techniques, to help for a micro-structural interpretation to the hardening classically observed on porous granular media. We do not intend to put forward a new type of hardening at the macroscopic scale.
The following developments focus on the case where the plastic criterion of the granular medium is elliptic (i.e. φ > φ trans defined in (12)), with a yield surface described by (8).
Macroscopic plastic flow rule
To start with, we check that the homogenization process preserves the associated character of the plastic flow rule. In other words, does the assumption of a normality rule for the plasticity of the grain-to-grain interfaces at the microscopic scale implies a normality rule for the macroscopic plasticity criterion ?
To answer this, we will turn to the localization of the failure mechanism of the microstructure proposed by He et al. (2013) . By construction, it is readily seen that the normal flow rule is fulfilled for the strain rates. Hence, only the normality of the flow rule for porosity evolution has to be checked.
The macroscopic flow rule under the assumption of associated plasticity
Under the assumption that the normality rule is fulfilled for the flow rule at the macroscopic scale, the plastic strain rates and the irreversible change in pore volume between time t and t + d t normalized by the volume of the RVE at t should be given by the normality rule (Coussy, 1991) :
where the plastic multiplierΛ ≥ 0 and, if all of the pore volume change is irreversible,Φ p is the rate of variation of the lagrangian porosity Φ defined on the configuration at time t which is expressed by (17). The later is not to be confused witḣ
which is the rate of variation of the eulerian porosity φ. If all of the volume change of the RVE is irreversible, the two are readily related bẏ
where
) is the volumetric (resp. deviatoric) plastic strain rates defined by:
The normality rule, if met, implies that the poro-plastic power P p in (16) is positive. Hence, if the stored energy U is neglected, the normality rule ensures the positivity of the intrinsic dissipation D in (16).
Combining the two flow rules in (18), the change in pore volume must be related to the volumetric strain rates bẏ
if the normal flow rule is met. Note that the expressions (18) to (22) hold in the dry case, when p = 0. In this case, the partial derivative with respect to p involved in (18) has of course to be computed prior to setting p = 0 and is not null.
Proof that the porosity flow rule is associated
Let us now show that the normality of the porosity flow rule is indeed fulfilled. To do so, we will proceed to the localization of the failure mechanism (using the terminology introduced in Sec. 2.3.1) of the microstructure proposed by He et al. (2013) .
First, the average of the volume change over the microscopic scale indicates that it results from the competition between pore volume change and interface dilatation: Second, for the stress state σ on the boundary of G m whose normal is oriented by d p , the average of the normal velocity jump across the interfaces as localized by He et al. (2013) is given by
with
Accordingly, the pore volume change found by localization of the failure mechanism iṡ
which is identical to the result (22) derived under the assumption normality of the macroscopic flow rule. Thus, the homogenization method is consistent for the flow rule. In the case of a Tresca interface (i.e. in the limit case where the friction angle α → 0 with hα constant), the relation (26) simplifies to the classical relationΦ p = d p v since there is no interface dilatation term and the grains are incompressible. Moreover, it appears that the effective stress for strength propertiesσ is also an effective stress for the plasticity criterion as well as for the plastic flow rule. This particular feature results from the fact that the stored energy has been neglected.
Hardening or softening due to porosity changes
The plastic criterion (8) is highly sensible to porosity changes. We propose to take advantage of this feature to propose a hardening (or softening) law. The law will be derived by localization of the porosity changes based on the micromechanical model. The eulerian porosity is taken as a hardening variable. We recall that the proposed hardening is due to geometry changes and not to stored elastic energy.
As seen previously, the eulerian porosity change is related to the plastic volumetric strain bẏ
As the porosity is the only hardening variable, it is particularly interesting to seek the stress/pressure/porosity states for whichφ cancels. These states are so-called critical states since when they are reached, the elastic limit no longer evolves and free plastic flow of the material occurs.
According to the macroscopic normal flow rule, we notice that
Hence, the volumetric strain rate d 
The parametric equation (29) hence defines a critical state line which is illustrated Figs. 3 and 4a.
Comparison to classical soil mechanics
The micro-mechanical model is compared to the modified Cam clay model and to classical experimental observations in soil mechanics.
The modified Cam clay model
First, the similarity to the empirical modified Cam clay (MCC) model (Roscoe and Burland, 1968 ) is striking. The yield surface of the MCC poro-plastic model is an ellipse crossing the origin in the (σ m , σ d ) plane (see Fig. 4b ) defined by the criterion f MCC :
where σ ′ is a plastic effective stress for the MCC model which corresponds to the Terzaghi effective stress:
The two parameters in (30) are the pre-consolidation pressure P c which is the isotropic compressive yield stress and a constant M which is related to the aspect ratio of the ellipse. The plastic flow rule is associated and the normality rule of the MCC model can be explicited as:
The combination of the two flow rules indicates that the porosity changes are proportional to the volumetric strain rates. If the total volumetric strain rate is approximately equal to the plastic volumetric strain rate, the volume change averaging rule then implies:
The relation (33) which is due to the incompressibility of the solid phase is the same as in the Gurson model and as (27) in the particular case of the Tresca interfaces (no interface dilatation). It implies that the critical state is always reached at the top of the ellipses in the (σ Figure 5 : Simulation using the micro-mechanical (full line) and modified Cam clay (dashed line) models of the axial, lateral and volumetric strains for a triaxial test with constant mean stress with the model parameters of Tab. 1 . The imposed mean stress is equal to the initial pre-consolidation pressure, which corresponds to the "normally consolidated" situation.
In the MCC model, the pre-consolidation pressure P c is related to the voids ratio by an isotropic compression or swelling law, the so-called normal compression line :
where κ is the inverse of the virgin compression index, e 0 is a reference voids ratio and P 0 c the corresponding reference pre-consolidation pressure. Note that for the micro-mechanical model a normal compression line analogous to (34) exists since the pre-consolidation pressure is a(φ) + c(φ) with a and c defined in (9).
The law corresponding to the normal compression line allows to construct a state boundary surface of the effective stress and porosity states which correspond to yield. The relation (34) corresponds to a hardening law due to porosity changes.
There are thus three independent constant material parameters in the MCC model: the pre-consolidation pressure P 0 c at reference voids ratio e 0 and the inverse of the virgin compression index κ which carry information of the normal compression line, as well as the ratio M which corresponds to the slope of the critical state line in the mean stress -Von Mises equivalent stress plane.
To sum up, the modified Cam-Clay model and the micro-mechanical model presented in this paper present the following similarities:
• The yield surface is an ellipse in the (Σ m , Σ d ) plane with explicit dependence on the porosity φ. This leads to the definition of a state boundary surface in the (Σ m , Σ d , φ) space.
• An effective plastic stress can be defined to account for a total saturation of the pore space.
• The flow rule is associated for plastic strains rates and plastic porosity variation.
• Hardening or softening results from porosity changes.
• A critical state line corresponding to final stress and porosity states can be defined.
• Depending on the position of the load path with respect to the critical state line, the behavior may be dilatant and/or contractant.
Let us now underline the main differences between the two models:
• The isotropic tensile strength is null in the MCC model but strictly positive in the micro-mechanical model. However, recently proposed extensions to the MCC model also have a positive tensile strength (Suebsuk et al., 2010; Nguyen et al., 2014 ).
• The pre-consolidation pressure diverges to infinity for φ = φ trans given by (12) in the micro-mechanical model, whereas it remains always finite in the MCC model.
• The aspect ratio of the ellipses defining the yield surface depends on the porosity φ in the micromechanical model, whereas it is constant in the MCC model.
• The critical stress state is at the top of the ellipses in the MCC model, so that the free plastic flow of the material is without volumetric strain. On the contrary, the critical stress state is on the tensile side of the yield surface in the micro-mechanical model, resulting in a free plastic flow of the microstructure which is always dilatant. The origin of the dilatancy is clearly identified at the microscopic scale : it is due to the dilatancy of the Mohr-Coulomb interfaces with associated flow rule.
• The plastic effective stress (31) is linear in the pore pressure p for the MCC model, but non linear (see (14)) in the micro-mechanical model.
Simulations of triaxial tests at constant mean stress and comparison to experiments
The micro-mechanical model and the MCC models are now used to simulate triaxial tests. A specific case of triaxial test is considered: a sample is first subjected to an hydrostatic confining pressure. From this first state, an additional axial compression is applied while the lateral pressure is lowered so as to keep the mean stress constant. In the following, this test will be referred to as a triaxial test with constant mean stress. In the case where the applied hydrostatic pressure is equal to the initial pre-consolidation pressure of the material, the situation will be called "normally consolidated". All the reported simulations are carried out at a confining pressure of 12 MPa, without pore pressure.
In order to perform a quantitative comparison of the two models, the parameters are adjusted as follows. The two constant parameters of the micro-mechanical are set to a friction angle α = 0.055 and an interface tensile strength h = 100 MPa. In this case, the pre-consolidation pressure is 12 MPa for a porosity φ = 36.5%. The three constant parameters of the MCC model are then chosen such as: the pre-consolidation pressure is also 12 MPa for a porosity of 36.5%, and the critical state is reached at the same stress and porosity state as for the micro-mechanical model for the triaxial test with constant mean stress of 12 MPa and initial porosity of 36.5% ("normally consolidated" situation). The parameter values are summarized in Tab. 1.
For both models, the material is supposed linear elastic before plasticity occurs, with the same elastic stiffness.
Three situations (or three types of samples) are then considered (see Fig. 4 ):
• In the "normally consolidated" situation, the initial pre-consolidation pressure of the material is equal to the applied hydrostatic pressure (12 MPa in the simulations). For both models, this corresponds to an initial porosity of 36.5% for the chosen sets of parameters.
• In the "wetter than critical" situation, the initial pre-consolidation pressure of the material is larger than the applied hydrostatic pressure and the stress path first encounters the yield surface at a stress state on the wet side of the critical state line, that is on the side leading to a decreasing porosity and thus to hardening. For both models, an initial porosity of 35.5% is an example of a "wetter than critical" situation for the chosen sets of parameters. • In the "dryer than critical" situation, the initial pre-consolidation pressure of the material is larger than the applied hydrostatic pressure but the stress path first encounters the yield surface at a stress state on the dry side of the critical state line, that is on the side leading to an increasing porosity and thus to softening. For both models, an initial porosity of 34.5% is an example of a "dryer than critical" situation.
Using this terminology, the "normally consolidated" situation is of course a limiting case of a "wetter than critical" situation.
The results of the simulations are presented in Figs. 5 and 6. In the "normally consolidated" situation, plasticity occurs right at the onset of the deviatoric load. The components of the total strain are shown in Fig. 5 . At a given stress state, the total axial and lateral strains are larger for the micro-mechanical model than for the MCC model. The volumetric strains are similar at low deviatoric stresses, but significantly differ while reaching the critical state. As expected, at the critical state, the volumetric strain rate is indeed null for the MCC model and dilatant for the micro-mechanical model. This trend is also observed for the wetter or dryer than critical situations in the simulated (ǫ d , ǫ v ) curves of Fig. 6 . For the three tested situations, the simulated (ǫ d , σ d ) and (ǫ d , φ) curves of Fig. 6 have a comparable trend for the two models. The agreement is particularly good for the wetter or dryer than critical situations.
The simulation sets are compared qualitatively on Fig. 6 to idealized response curves of clays to drained shear tests from Atkinson (1993) based on experimental observations by Atkinson and Bransby (1978); Wood (1991) . Before yield, in the elastic part, the simulations are not representative of the experimentations. The sharp angle at the transition between elasticity and plasticity results from the fact the hardening due to stored elastic energy has been neglected. In other words, the step of constrained plastic flow (see section 3.1) is omitted by the present model. In the plastic part, the stress and porosity evolutions are well captured. As for the volumetric strain evolution, the MCC model better captures the experimental trends from Atkinson (1993) than the micro-mechanical model. However, the micro-mechanical model is more suited than the MCC model to describe the dilatant behavior observed at the critical state on the Tournemire shale (Masri et al., 2014) and the Callovo-Oxfordian argillite (Chiarelli et al., 2003) .
Discussion
While the predictions of the model are satisfactory in terms of the stress-strain behavior, some limitations have been noted concerning the volumetric deformation at large deviatoric strains (≈ 10%) in the normally consolidated case ("wetter than critical"). Indeed, at the critical state, the predicted behavior remains dilatant while experimental observations suggest that the material can be sheared without additional volumetric strain. This constitutes an important feature of the critical state model. This deviation of the micro-mechanical model with respect to the experimental data most likely goes back to the assumption of an associated flow rule at the microscopic scale.
Indeed, for frictional geomaterials obeying an associated flow rule, it is well known that the dilatant behavior strongly over-predicts the real behavior. The current practice in the phenomenological approach consists in introducing a dilatancy angle smaller than the friction angle of the yield function; this amounts to a non-associated plastic behavior. This suggests a way to improve the quantitative performance of the present micromechanical model by introducing a non-associated flow rule for the grain-to-grain interfaces at the microscopic level. Indeed, the associated flow rule (4) for the interface yield function (3) assumed in this paper could be replaced by:
where the dilatancy coefficient β belongs to [0; α]. While this would certainly improve the quantitative predictions at large strain, this is not completely satisfactory. In fact, the associated rule is likely to be valid at small strain and the dilatancy coefficient should be regarded as an evolving parameter decreasing from α to 0 as the deviatoric strain increases. As suggested in Fig. 7 , a suitable proposal of a non-associated flow rule would be such that the normal velocity jump across the interfaces were initially tangent to the associated behavior, while it would tend towards 0 at large strains. Such flow rule would be in accordance with critical state soil mechanics as is it would remove the origin of dilatancy at the critical state. It also seems physically more sound as the dilatancy of the frictional interfaces, due to the roughness of the surfaces at a lower scale, is expected to produce normal displacement jumps no greater than the size of the asperities even for large tangential displacement jumps.
However, if we restrict to small deviatoric strains, a good agreement with experimental data of a triaxial test on a Callovo-Oxfordian argillite has been obtained. Its is recalled that the argillite can be viewed as a matrix-inclusion composite in which clay plays the role of the matrix, embedding calcite and quartz inclusions. A 3-scale model presented in Bignonnet (2014) and not detailed herein, based on the present model for the clay matrix but also comprising the effect of a larger scale through the strength model presented in Bignonnet et al. (2015) , yields the simulation presented in Fig. 8 . The transition from a contractant to dilatant behavior is well reproduced by the model. In this specific case, the agreement can be traced back to the fact that the range of deviatoric strain is small enough (≤ 2%) for the associated flow rule of the interface to be a good approximation of the behavior.
Conclusion
A purely micro-mechanical model for the plasticity of granular materials with hardening due to porosity changes has been proposed. The plasticity model is based on a re-interpretation of the micro-mechanical strength model for cohesive frictional granular media by He et al. (2013) . The hardening law by porosity changes is explicitly expressed by localization of the failure mechanism used in the homogenization process, and does not require any phenomenological hardening law. Furthermore, it has been proved that the porosity change law can also be directly obtained at the macroscopic scale by the normal flow rule in the framework of poro-plasticity.
The micro-mechanical plasticity model is analytical and fully explicit. It depends only on two constant material parameters with a clear physical signification at the microscopic scale: the friction angle and the tensile strength of the grain to grain interfaces. The main features of critical state soil mechanics have been Figure 8 : Axial, lateral and volumetric strains in a triaxial test on a Callovo-Oxfordian argillite with mean stress kept equal to 12 MPa while the differential axial stress δΣ a is increased. Full line : experimental results, dotted line : simulation using a 3-scale plasticity model (see Bignonnet (2014) ) based on the present micro-mechanical model for the clay matrix with α = 0.055 and h = 93 MPa embedding 60% of rigid inclusions. Experimental data courtesy of ANDRA.
retrieved: critical state line, state boundary surface in the stress/porosity space, hardening or softening due to change in porosity and ability to describe both dilatancy and contractancy.
It cannot be enough emphasized that the proposed model, although based on micro-mechanics for its elaboration, can be readily used at the macroscopic scale by engineers just as any other empirical model could be. However, the present model relies on simplifying assumptions at the microscopic scale. In order to be predictive, depending on the actual material, these assumptions may have to be refined based on experimental evidences at the macroscopic scale.
As a matter of fact, the micro-mechanical model is very similar to the phenomenological modified Cam clay model as discussed in section 4.1 and can be used in a similar fashion. The main differences between the two models are the dilatancy or not of the plastic flow at the critical state, and the restricted porosities interval for the micro-mechanical model.
Proposed perspectives to this work are to take into account the reinforcement of the clay matrix by inclusions in shales and argillite. The plasticity of these 3-scale materials will be investigated using the strength model by Bignonnet et al. (2015) . Another perspective would be to consider intra-granular mechanisms at the microscopic scale in addition to the hereby used inter-granular (interfacial) mechanism, in order to deal with low-porosity granular materials. Furthermore, future works should be dedicated to the implementation of an evolving non-associated plastic flow rule at the grain-to-grain interfaces at the microscopic scale, in order to reproduce the absence of volumetric deformation at the critical state, at large strains.
